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Abstract- Coordinate Rotation Digital Computer (CORDIC)
is usually used to obtain the angle information without any
multiply and division operations. The extended electromotive
force (extended-EMF) in the literature shows that the angle
error between the rotor reference frame and the assumed
reference frame can be estimated from an arctangent function
and a division. In this paper, the sensorless control for
permanent-magnet synchronous motor (PMSM) is designed
and implemented based on the CORDIC algorithm. Compared
to the calculation of the arctangent function and division
operation, CORDIC–based algorithm is able to save calculating
time and memory resource. The provided simulation and
experimental results also demonstrate the proposed CORDICbased sensorless control.

I.

INTRODUCTION

also demonstrate the proposed CORDIC-based sensorless
control.
II. EXTENDED ELECTROMOTIVE FORCE (EXTENDED-EMF)
A. Rotor Reference Frame
In the PMSM control, machine variables are often
transformed to d-q variables referred to the rotor reference
frame where the direct axis (d-axis) is in the magnetic axis
of the rotor permanent magnet and the quadrant axis (q-axis)
is orthogonal to the d-axis. The voltage equations of PMSM
in rotor reference frame can be represented as

⎡id ⎤
⎡Vd ⎤
⎢V ⎥ = r ⎢i ⎥ +
⎣ q⎦
⎣ q⎦

⎡ Ld ⋅ i d ⎤
⎡− L ⋅ i ⎤ ⎡ 0 ⎤
p⎢
+ ωr ⎢ q q ⎥ + ⎢ ⎥
⎥
⎣ Ld ⋅ i d ⎦ ⎣ E 0 ⎦
⎣ Lq ⋅ i q ⎦

(1)

The permanent-magnet synchronous motor (PMSM) is
widely used in many applications, such as high-performance where
variable-speed drives. In order to control stator current and
Ld : the inductance along the d-axis path;
achieve a high-performance drive, the information of rotor
Lq : the inductance along the q-axis path;
position and speed are necessary. In most variable-speed
Vd : the d-axis stator voltage;
drives, some type of shaft sensor such as optical encoder or
Vq : the q-axis stator voltage;
resolver is connected to the rotor shaft. However, such
id : the d-axis stator current;
sensor presents several disadvantages, such as drive cost,
iq : the q-axis stator current;
machine size, reliability, and noise immunity. Therefore, the
r : the winding resistance per phase;
sensorless control of a PMSM is desired, and various
p : the time differentiation operator;
sensorless controls have been proposed.
ωr : the speed of the rotor and the rotor reference frame;
The idea of extended electromotive force (extended-EMF)
E0 : the real electromotive force (EMF) in q-axis;
had been proposed and used in sensorless control [1-5]
where a rotor reference frame is assumed. After some
Rearranging the terms in (1), the voltage equations can be
rewritten
as
derivations, the angle difference between the assumed
reference frame and the real rotor reference frame can be
⎡id ⎤
⎡id ⎤
⎡Vd ⎤
⎡ − iq ⎤ ⎡ 0 ⎤
(2)
⎢V ⎥ = r ⎢i ⎥ + pLd ⎢i ⎥ + ω r Lq ⎢
represented as arctangent value and division operator.
⎥
⎥+⎢
q⎦
q⎦
q⎦
⎣ id ⎦ ⎣ E 0 x ⎦
⎣
⎣
⎣
However, it is not easy to implement arctangent function and
where the extended electromotive force (EEMF) E0 x is the
division operator.
A simple algorithm based on the coordinate rotating sum of the real EMF term E0 and some salient rerms
digital computer (CORDIC) is a shift-and-add technique for
E 0 x = E 0 + p ( Lq − Ld ) ⋅ i q + ω r ( Ld − Lq ) ⋅ i d
(3)
computing a large class of mathematical functions [6-8]. In
the applications, such as variable-speed control and robot,
CORDIC is often used to obtain the angle information [9-10] B. Assumed Reference Frame
In order to perform d-q transformation without position
without multiply function.
sensor, the assumed reference frame is also plotted in Fig. 1
In this paper, CORDIC is used to calculate the angle
where the angle signal ∆θ is the difference between the
difference by extended-EMF-based algorithms. Then, by angle θ of the assumed dc-qc reference frame and the angle
c
forcing the angle difference to closed to zero, both rotor θ r of the d-q rotor reference frame.
position and rotor speed are estimated by a simple PI-type
∆θ = θc − θr
(4)
regulator.
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and
d∆θ dθc dθ r
=
−
= ωc − ω r
dt
dt
dt

(5)

where ωc is the rotation speed of the assumed dc-qc
reference frame.
qc

q

ωc

Consequently, from (4), the angle θ r of rotor reference
frame (i.e. rotor position) is also obtained by subtracting the
angle difference ∆θ from the angle θc of the assumed rotor
reference frame.
Equation (8) is important, but implementing eq. (8) is hard
because of the division operator and the arctangent function.
Fortunately, CORDIC algorithm can be used to simplify the
calculations .

ωr

III. CORDIC ALGORITHM
CORDIC is an algorithm used to compute
trigonometric and hyperbolic functions easily using just
bit shifts, lookup tables, and add operations, thus
eliminating the need for multiplications.
The angle difference ∆θ in (8) can be seen as the
crossing angle of the initial vector ( V x0 , V y0 ) in the initial
coordinate axis x0 - y0 as shown in Fig. 2. After rotating
the coordinate axis with some given angles α i , the
unknown angle difference ∆θ is available by summing
all the given angles α i after the final coordinate axis is
aligning to the initial vector ( V x0 , V y0 ).
The new vector ( V xi , V yi ) in the new coordinate axis
xi - yi is obtained by extending the vector length to
1 / cos α i and it can be represented as

dc
∆θ

d

Fig. 1. Illustration of the assumed reference fame and the real rotor frame.

From Fig. 1, the relation between the dc-qc variables

(Fdc , Fqc ) and the d-q variables (Fd , Fq ) can be represented

as

⎡ Fd ⎤ ⎡cos ∆θ
⎢F ⎥ = ⎢
⎣ q ⎦ ⎣ sin ∆θ

⎡ Fdc ⎤
− sin ∆θ ⎤ ⎡ Fdc ⎤
⎢F ⎥ = M ⎢F ⎥
⎥
cos ∆θ ⎦ ⎣ qc ⎦
⎣ qc ⎦

(6)

Applying (6) into (2) and rearranging the resulting terms
yield
⎡idc ⎤
⎡ sin ∆θ ⎤ ⎡Vdc ⎤ ⎡idc ⎤
E0 x ⋅ ⎢
= ⎢ ⎥ − r ⎢ ⎥ − pLd ⎢ ⎥
⎥
⎣cos ∆θ ⎦ ⎣Vqc ⎦ ⎣iqc ⎦
⎣iqc ⎦
⎡− i ⎤
⎡− i ⎤ d∆θ
( Ld − Lq ) ⎢ qc ⎥
− ωc Lq ⎢ qc ⎥ −
⎣ idc ⎦
⎣ idc ⎦ dt

⎡Vxi ⎤
1
⎢ i⎥ =
⎢⎣Vy ⎥⎦ cosαi

(7)

⎡ cosαi sin αi ⎤ ⎡Vxi −1 ⎤
⎢− sinα cosα ⎥ ⎢ i −1 ⎥
i
i ⎦⎢
⎣
⎣Vy ⎥⎦

⎡ 1
=⎢
⎣− tanαi

It follows that the angle difference ∆θ can be obtained by
∆ θ = tan

−1

⎡V ⎤
⎢ x ⎥
⎣⎢ V y ⎦⎥

yi −1

yi

(8)

xi
(Vxi ,V yi )

where
d∆ θ ⎫
⎧
V x = Vdc − ( r + pL d ) ⋅ idc + ⎨ω c Lq + ( Ld − Lq )
⎬ ⋅ iqc
dt ⎭
⎩
d∆θ
⎧
V y = Vqc − ( r + pL d ) ⋅ iqc − ⎨ω c Lq + ( Ld − Lq )
dt
⎩

⎫
⎬ ⋅ idc
⎭

⎡ Vdc − ridc + ω c Liqc ⎤
∆θ = tan ⎢
⎥
⎢⎣ Vqc − riqc − ω c Lidc ⎥⎦
−1

xi −1

Fig. 2. Illustration of CORDIC.

If the given angles α i are selected to be equal to
tan (2−n ) with integer n, eq.(13) can be simplified to
−1

i −1
−n i −1
i −1
⎡Vxi ⎤ ⎡ 1
2−n ⎤ ⎡Vx ⎤ ⎡ Vx + 2 Vy ⎤
=
=
⎢ i ⎥ ⎢ −n
⎥ ⎢ i −1 ⎥ ⎢ −n i −1
i −1 ⎥
1 ⎦⎥ ⎢⎣Vy ⎥⎦ ⎢⎣− 2 Vx + Vy ⎥⎦
⎢⎣Vy ⎥⎦ ⎣⎢− 2

(11)

(12)

(Vxi −1 ,V yi −1 )

αi

(10)

However, the derivative terms in (8) are near zero when
the system is in the steady-state and thus, the angle
difference ∆θ in (8) can be simplified to

⎡Vdc − (r + pLd ) ⋅ idc + ωc Lq iqc ⎤
∆θ = tan −1 ⎢
⎥
⎣⎢ Vqc − (r + pLd ) ⋅ iqc − ωc Lq idc ⎦⎥

∆θ

(9)

In non-salient PMSM, there is no difference between the
inductances along rotor q-axis and d-axis ( Lq = Ld = L ), and
thus, the angle difference ∆θ in (8) can be simplified to

(13)

tanαi ⎤ ⎡Vxi −1 ⎤
⎢
⎥
1 ⎥⎦ ⎢⎣Vyi −1 ⎥⎦

(14)

All the specific angles α i = tan−1(2−n ) are tabulated in
Table I. The advantage of using such specific rotating angles
is that the new vector ( V xi , V yi ) in the new coordinate axis
xi - yi can be obtained by simple add operations and rightshift operations without any multiplying operations.
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tan(α i )
1
2
4
5
6

αi
(rad)

αi

±45°
±26.565°
±14.036°
±7.1250°
±3.5763°
±1.7899°

0.7854

1.273

1.4142

0.4636

1.079

1.5811

0.2450

1.020

1.6291

0.1243

1.006

1.6425

0.0624

1.002

1.6457

0.0312

1.001

1.6465

ωr *

Speed
Controller

N

i =1

(15)

(16)

(17)

It is noted that after N recursive steps, the resulting
variable V yi will approach to zero and the other one Vxi will
be closed to 5/3 times the length (Vx0 ) 2 + (V y0 ) 2 of the
original vector ( V x0 , V y0 ).
Therefore, in order to avoid the overflow condition
during each step, both input variables V x and V y should be
attenuated with a gain 3 /(5 2 ) ≈ 0.4243 .
Vx0 =
Vy0 =

3
5 2
3
5 2
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idc
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3φ
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Z
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PI-Type Speed
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Eq.(19)
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Z

Z

Z
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Eq.(15-17)

Z

Z
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Finally, the unknown angle ∆θ can be obtained by
∆θ ≈ ∑ d iα i

SPWM

ec
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Fig. 3 CORDIC-Based sensorless control.

(ii) Calculate the new vector

V yi = − d i (2 −i +1Vxi −1 ) + V yi −1

q- axis
Vqc
Current
Controller

1
s

The CORDIC-based algorithms are:
(i) Decide the rotating direction

Vxi = Vxi −1 + d i (2 −i +1V yi −1 )

*
I qc

θr

ωc ≈ ω r

⎧⎪+ 1, when( V xi −1V yi −1 ) > 0
di = ⎨
i −1 i −1
⎪⎩ − 1 when (V x V y ) < 0

d- axis
Vdc
Current
Controller

*
I dc
=0

i

However, the positive angle difference ∆θˆ implies that the
estimated rotor speed ωc (i.e. the speed of the assumed
reference frame) is larger than the real rotor speed ωr .
Therefore, the estimated rotor speed ωc should be decreased
to reduce the positive angle difference ∆θˆ .
On the other hand, the negative angle difference ∆θˆ
means that the estimated rotor speed ωc is smaller than the
real rotor speed ωr , and thus, the estimated rotor speed ωc
should be increased. Once the calculated ∆θˆ is near zero, no
change of the estimated rotor speed ωc is needed.
Consequently, these principles can be achieved by a simple
PI controller,

ωc = −

sK p + Ki
s

∆θˆ

(19)

When PMSM is standstill, the back-EMFs are zero and the
proposed sensorless control needs starting strategy. The
proposed starting strategy divided into constant current mode
(CCM) and constant speed mode (CSM) is plotted in Fig. 4.

Vx

I1

ω1

(18)
Vy

Constant
Current
Mode

IV. CORDIC-BASED SENSORLESS CONTORL
The proposed CORDIC-Based sensorless control is plotted
in Fig. 3 where four PI-type controllers are included. The
*
speed controller generates the q-axis current command I qc
*
from the speed command ωr and the estimated speed ωr .
Then, two current controllers and the inverter yield the
desired voltages to PMSM. The angle difference ∆θˆ is
obtained from eq.(9-10) and eq.(15-17).

Constant
Speed
Mode

Sensorless
Run
Mode

t1
Fig. 4 Starting modes.
*
In CCM, the q-axis current command is given to I qc
= I1
*
with zero d-axis current command I dc = 0 . The speed ωc of
the assumed reference frame initially increases from zero
with a fixed rate and then, keeps to a constant ω1 .
After a given time t1 , the operating mode changes from
*
CCM to CSM. In CSM, the q-axis current command I qc
decreases linearly, and the speed ωc of the assumed
reference frame keeps constant. At the same time, the angle
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PMSM

3

±1
±1/ 2
±1/ 4
±1/ 8
±1/16
±1/ 32

αi
(degree)

1
∏
k =1cosαk

tan(αi )

PMSM

Table I Some specific rotating angles.

difference ∆θˆ is calculated and checked if the angle
difference ∆θˆ is near zero. Once the angle difference ∆θˆ
is between −3° to +3° , the operation mode will change
from CSM to sensorless run mode (SRM).

After the calculated angle difference ∆θˆ is smaller than
3° , the operation mode changes from CSM to SRM. The
simulated waveforms with speed 2000rpm are plotted in Fig.
7.
4°

V. SIMULATION RESULTS

2°

In this section, some simulation results are provided to
demonstrate the proposed CORDIC-based Sensorless control.
The used simulation software is PSIM and the parameters of
PMSM are tabulated in Table II.

−2°

Table II. Simulation parameters

−4°

Stator resistance
Stator
inductance
Voltage constant
(Line-to-Line)
Pole number
Motor inertia

0°

2.2Ω
Lq = 4.58mH
Ld = 3.61mH

ia
∆θˆ

10ms

Fig. 7. Simulated waveforms at 2000rpm.

VI. EXPERIMENTAL RESULTS

75Vrms / krpm

4 pole
0.000161 kgm 2

The simulated waveforms during the starting period are
plotted in Fig. 6. Initially, PMSM is forced to rotate by the
attraction force between the stator magnetic field and the
rotor PM. Thus, the operation of PMSM in CCM can be seen
as a synchronous motor with large rotor angle (near to 90° ).
With the decrease of PMSM current amplitudes in CSM,
the rotor angle of PMSM also decreases to generate constant
torque under fixed speed. Thus, the calculated angle
difference ∆θˆ decrease, and the yield motor current ia is in
phase with the back-EMF ea gradually.

Two identified PMSM are coupled to each other to
become the M-G set and the three-phase Y-connected
resistors are connected to one of the two PMSM (i.e.
generator). The Encoder position signals are also feedback to
the control system for comparison.
The CORDDIC-based sensorless control in Fig. 3 had
been implemented in DSP TMS320F2812 and some
experimental results are provided in this section. The PWM
frequency is 6.67kHz and the experimental waveforms in
2000rpm and 3000rpm are plotted in Fig. 8 and Fig. 9,
respectively.

4.5°
0°

1600

∆θˆ

∆θ

−4.5°

1200
800

ea

ωc

ea'

ia

ωr

2A

400
0
0°
− 20°
− 40°
− 60°

5ms

Fig. 8. Experimental waveforms at 2000rpm.

∆θˆ

100ms

4.5°
0°

ea

−4.5°

∆θˆ
∆θ
ea'

ia

5A

ia
CCM

CSM

5ms

SRM

Fig. 6. Simulated waveforms during the starting period.

Fig. 9. Experimental waveforms at 2000rpm.
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The real angle difference ∆θ is obtained from the real
rotor position for comparison, and the estimated angle
difference ∆θˆ is calculated from (17). It is noted that the
estimated angle difference ∆θˆ is very closed to the real
angle difference ∆θ . On the other hand, the yielded motor
current ia is sinusoidal and in phase with the pseudo backEMF waveform ea' which is obtained from the real rotor
position.
The waveforms corresponding to the speed change are
plotted in Fig. 10 where the speed command ωr* is changed
from 1000rpm to 3000rpm, and then, returned to 1000rpm
with fixed rising and falling rates. Larger estimated angle
difference ∆θˆ can be found when the motor speed is
changing. However, the speed control is stable. Thus, the
provided experimental waveforms demonstrate the proposed
CORDIC-based sensorless control.
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Fig. 10. Experimental waveforms with the change of the speed command.

VII. CONCLUSIONS
In this paper, a CORDIC-based sensorless control is
proposed and implemented. The results show that the
economical CORDIC-based algorithms are able to obtain
acceptable value. However, the parameter accuracy has a
great effect on the control performance. Robust control
performance under parameter uncertainty is the future work.
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